Abstract. The aim of this paper is to investigate weakly developable spaces. For a comparison with semi-metrizable spaces, we introduce and study a class of spaces among those of weakly developable spaces, semi-metrizable spaces and first countable spaces having a G δ -diagonal. Some results are obtained and applications to the problem of extending continuous functions are discussed.
Introduction
The problem of extending a continuous function f : A −→ Y from a closed subset A of a space X to some neighborhood U of A in X or to all of X is very often encountered in many areas of mathematics. Tietze-Urysohn extension theorem solves positively the problem when Y = R and X normal (metric and compact spaces are normal). Several generalizations and other extension theorems have been also obtained by J. Dugundji, C.H. Dowker, K. Borsuk, C. R. Borges and many other mathematicians. To deal with this problem, E. Michael introduced the notion of selection theory which is today an indispensable tool for a large number of those working in topology, functional analysis, set-valued analysis, dynamical systems, control theory, approximation theory, convex geometry, economic mathematics and so on. J. Calbrix and the present author introduced the notion of weakly developable space mainly to generalize a theorem of E. Michael on double selection. This notion fits very well in the class of generalized metric spaces.
The purpose of this paper is to investigate weakly developable spaces by introducing and studying a notion which joins some properties common to weakly developable spaces and semi-metrizable spaces. Some results and characterizations are established. Applications to the problem of extending continuous functions and set-valued functions as well as to different other problems are discussed.
The first version of this paper was originally written to be presented during RAMA '8, 26-29 November, 2012 , Algiers, Algeria.
Notations and preliminary results
Throughout this paper, all spaces are assumed to be T 1 -topological spaces. The notions not defined here can be found in [13, 18, 21] .
Let X be a topological space. For a collection A of subsets of topological space X, we write A = A | A ∈ A . Recall that for a sequence of open covers (G n ) n of X, then St (x, G n ) = {G ∈ G n | x ∈ G}, for every x ∈ X and n ∈ N.
A sequence of open covers (G n ) n of X is called a
• development and the space developable if, for every x ∈ X, the sequence (st (x, G n )) n is a base at x. Furthermore, a regular developable space is called a Moore space.
• weak development and the space weakly developable if, for every x ∈ X and (G n ) n such that x ∈ G n ∈ G n for every n, then the sequence i≤n G i n is a base at x.
• weak k-development and the space weakly k-developable if, for every compact subset K of X and every H n ⊂ G n such that, for every n, H n is finite, K ∩ H = ∅ for every H ∈ H n , and K ⊂ H n , then the sequence i≤n ( H i ) n is a base at K. The notions of developable space and weakly k-developable space are different and both stronger than that of weakly developable space. See [2] .
A sequence of open covers (G n ) n of a space X is called a
• weakly G * δ -diagonal sequence (see [1] ) if, for every x and (G n ) n such that x ∈ G n ∈ G n for every n, then n ( k≤n G k ) = {x}.
Every G * δ -diagonal sequence is a weakly G * δ -diagonal sequence, every weakly G * δ -diagonal sequence is a G δ -diagonal sequence, and from every G δ -diagonal sequence on a regular space, we can construct a weakly G It is well known (Ceder [15] ) that a space has a G δ -diagonal sequence if and only if the diagonal ∆ = {(x, x) | x ∈ X} is a G δ -set in X × X. In this case, one says that the space has a G δ -diagonal.
A sequence of open covers (G n ) n of a space X is called a • w∆-sequence and the space a w∆-space, if for every x ∈ X and (x n ) n such that x n ∈ St (x, G n ) for every n, the sequence (x n ) n has a cluster point.
• weakly w∆-sequence and the space a weakly w∆-space (see [1] ), if for every x ∈ X and (G n ) n such that x ∈ G n ∈ G n for every n, then whenever x n ∈ k≤n G n for every n, the sequence (x n ) n has a cluster point. It is well known (Hodel [24] ) that a space is developable if and only if it is w∆-space and has a G * δ -diagonal. Also a space is weakly developable if and only if it is weakly w∆-space and has a weakly G * δ -diagonal. See [1] .
The notion of p-space, first introduced by A. V. Arhangel'skiȋ in [5] for completely regular spaces, has been internally characterized by D. K. Burke in [12] as follows: A space X is a p-space if and only if it has a sequence of open covers (G n ) n such that whenever x ∈ X, G n ∈ G n and x ∈ G n for every n, then n G n is compact and every open neighborhood of n G n contains some k≤n G k . Such sequence will be called a p-sequence. The notions of p-space and w∆-space are different and both strictly stronger than that of weakly w∆-space (see [1] ]. Every countably compact space which is not a k-space provides us with an example of a w∆-space which is not a p-space (see [21, Example 3.23] ). On the other hand, the Gruenhage's space (see [21, Example 2.17] or [2, Example 3] ) is a locally compact submetrizable space. This space is weakly-k-developable and hence a p-space but it is not a w∆-space. Let us point out here that regular weakly developable spaces are in fact p-spaces. Proposition 2.1. A regular space is weakly developable if and only if it is a p-space and has a G δ -diagonal.
Proof. Let X be a weakly developable space and let (G n ) be its weak development. We may assume without loss of generality that G 1 = {X} and G n+1 refines G n for every n. It is easy to check that (G n ) is the required G δ -diagonal sequence and it is a p-sequence where n G n is exactly the singleton {x}.
Conversely, we can construct a G δ -diagonal sequence which is also a p-sequence. This sequence is then the required weak development for X.
The following result could be seen as a generalization of [21, Corollary 3.4 ] and provides us with another factorization of weakly developable spaces, developable spaces and metrizable spaces. Theorem 2.2. Let X be a topological space.
(1) X is weakly developable if and only if it is a weakly w∆-space and has a weakly G * δ -diagonal. (2) X is developable if and only if it is a submetacompact weakly w∆-space and has a weakly G * δ -diagonal. (3) X is metrizable if and only if it is a paracompact weakly w∆-space and has a weakly G * δ -diagonal. Proof. The first statement is a result of [1] . The second statement follows from the first and the fact that every submetacompact weakly developable space is developable (see [2] ). The third statement follows from the second and the fact that every paracompact developable space is metrizable.
Combining the above theorem with the fact that semi-stratifiable spaces are metacompact (see [17, Theorem 2.6] ) and have a G δ -diagonal, and with the fact that stratifiable spaces are paracompact, we obtain the following result which can be seen as a generalization of [21, Corollary 5.12]. Corollary 1. Let X be a regular topological space.
(1) X is developable if and only if it is a semi-stratifiable weakly w∆-space. (2) X is metrizable if and only if it is a stratifiable weakly w∆-space.
Weakly developable spaces versus semi-metrizable spaces
In this section, we investigate weakly developable spaces and semimetrizable spaces.
Let X be a nonempty set and d :
, for every x, y ∈ X. One usually denotes the ball around x ∈ X with radius ε > 0 by
and, for x ∈ X and A ⊂ X, one puts
A distance function d on X induces a topology T d on X in the following way:
This topology is always T 1 . A topological space X is called
• symmetrizable if its topology is equal to T d where d is a distance function on X.
• semi-metrizable if it is symmetrizable and B (x, ε) is a neighborhood of x, for every x ∈ X and ε > 0.
Remark. Semi-metrizable spaces are semi-stratifiable and then submetacompact. Thus, by Theorem 2.2, the notions of weakly developable space and semi-metrizable space are different. Every weakly developable non developable space is not semi-metrizable and every semi-metrizable non developable space is not weakly developable.
Now, we introduce and study a notion which generalizes both weakly developable spaces and semi-metrizable spaces.
Let X be a nonempty set and let d be a distance function on X. We say that a family V = {V
In this case, we introduce a topology T d,V on X in the following way:
In the sequel, the notation (X, d, V) stands for the weakly symmetric space X. A topological space X will be said a weakly symmetrizable space if its topology is equal to T d,V for some distance function d on X and an adapted family V = {V x n | x ∈ X, n ∈ N} of subsets of X to d. Obviously, every symmetrizable space is weakly symmetrizable. The converse does not hold in general (see Remark 3 below). A first examination of weakly symmetrizable spaces yields the following property inherited from symmetrizable spaces. Proof. Let A be a non closed subset of X. Then, there exists x / ∈ A such that
It follows that x n ∈ U for every n ≥ m 0 and thus (x n ) n converges to x. Consequently the subset A is not sequentially closed.
Let (X, d, V) be a weakly symmetric space. A sequence (x n ) n in X will be said V-converging to x ∈ X and we write
A sequence (x n ) n of elements of X is said to be injective if the set {x n | n ∈ N} is infinite.
The following result is easy to prove.
The following lemma further clarifies the relation of the adapted family V and the distance function d to the topology of a weakly symmetrizable space.
Lemma 3.3. Let (X, d, V) be a weakly symmetric space. We have the following statements:
(1) If every subset consisting of a converging sequence and its limit is closed (in particular, if X is Hausdorff ), then for every se-
Proof. The second statement being well known, we prove only the first statement. Let (x n ) n be a converging sequence to x and suppose
is infinite for some m 0 ∈ N. The set A is a converging sub-sequence of (x n ) n to x / ∈ A and then A is not closed. On the other hand, we will prove that X \ A is open which is impossible. Let y ∈ X \ A. (1) For every x ∈ X, the family { n k=1 V x k | n ∈ N} is a local base at x; (2) X is first countable space; (3) X is Fréchet space. Then (1) =⇒ (2) =⇒ (3)
For a subset A of X, we define the V-closure C V (A) of A as follows: 
Proof. (1) =⇒ (2):
To prove that X is Fréchet, it suffices to prove that for every ∈ X, the family { n k=1 V x k | n ∈ N} is a local base at x. As in the above theorem, suppose that for some x ∈ X and m 0 ∈ N, the set
contains an infinitely many elements of A. Contradiction. To prove the second assertion, let (x n ) n be an injective sequence in X such that x n −→ x. Without loss of generality, we may assume that x n = x, for every n ∈ N. If (x n ) n is not V-converging to x, then, for some m 0 ∈ N, the set
∈ A and x ∈ A = C V (A). Then, there exists an injective sequence (y n ) n in A which is V-converging to x. Thus, ∩ (1): Let A ⊂ X and x ∈ A. If x ∈ A, then x ∈ C V (A). Suppose x / ∈ A and since X is a Fréchet space, there exists a sequence (x n ) n in A converging to x. Without loss of generality, we may assume that (x n ) n is injective. Then, by assumption, the sequence (x n ) n is V-converging to x which completes the proof.
A weakly symmetric space (X, d, V) will be said weakly semi-metric if in addition A = C V (A) for every A ⊂ X, and the following condition holds:
(WS-M): if x ∈ n V xn n , then n V xn n = {x} and whenever x n ∈ n k=0 V x k k for every n, the sequence (x n ) n converges to x. A space X will be called a weakly semi-metrizable space if its topology is equal to T d,V of a weakly semi-metric space (X, d, V). From the definition, we have the following result: Proposition 3.6. Every weakly semi-metrisable space is first countable and has a G δ -diagonal.
Like for developable spaces (see [27] ), the following result gives some properties of the distance function defined on a weakly developable space.
Theorem 3.7. Every weakly developable space is weakly semi-metrizable. Moreover, the compatible distance function d and its adapted family {V x n | x ∈ X, n ∈ N} satisfy the following additional conditions: for every x ∈ X and n ∈ N, the set V x n is open and d (y 1 , y 2 ) < 2 −n , for every y 1 and y 2 in V x n . Proof. Let X be a weakly developable space and let (G n ) be its weak development. For every x ∈ X and y ∈ X, put d (x, y) = inf 2 −n | ∃G n ∈ G n , x ∈ G n and y ∈ G n .
It is clear that d is a distance function on X.
On the other hand, for every x ∈ X and n ∈ N, fix V x n ∈ G n such that x ∈ V x n . It is also clear that {V x n | x ∈ X, n ∈ N} is the required family. Recall the following axiom introduced by Wilson for symmetric spaces. Let (X, d) be a symmetric space. The space (X, d) is said to be satisfying (W3) if (W3): whenever (x n ) n is a sequence in X and x, y ∈ X, we have lim
Every semi-metrizable Hausdorff space satisfies (W3). Moreover, we have the following.
Theorem 3.8. Every semi-metrizable space satisfying (W3) is weakly semi-metrizable.
By using Theorem 3.7 and Theorem 3.8, it follows that the notion of a weakly semi-metrizable space generalizes both the notions of a weakly developable space and a semi-metrizable space.
Remark. By applying Theorem 2.2, every weakly developable non developable space provides us with an example of a weakly semi-metrizable space which is not symmetrizable (and then, not semi-metrizable). On the other hand, every semi-metrizable non developable Hausdorff space provides us with an example of a weakly semi-metrizable space which is not weakly developable.
The following diagram summarizes some notions of generalized metrizable spaces used in the paper and close to the notion of a weakly semimetrizable space. 
Extension of continuous functions: comments and remarks
Historically, semi-metrizable spaces and developable spaces have been introduced independently by Fréchet and Moore respectively. The first as a generalization of metric spaces, the second to deal with a form of general analysis. While generalized metrizable spaces have been intensively studied by several authors since their introduction, the modern era of semi-metrizable spaces began with the important work of Jones, Heath and McAuley. The metrization theorem of the factorization type of Bing is one of the most influential results of a long and fruitful period of research in metrization theory and the theory of generalized metrizable spaces. Although, the notion of a weakly developable space is introduced more recently, it has been considered by several authors in the last decade. It fits very well in the class of generalized metric spaces and allows to obtain various new results. See for example, [1, 2, 3, 7, 8, 9, 20, 22, 25, 26, 28, 29] . 4.1. Tietze's extension theorem and its generalizations. There is a long history between generalized metrizable spaces and the problem of extending continuous functions. Generalized metric notions are often characterized by means of results on extension of continuous functions. The Tietze-Urysohn extension theorem is one of the most important results in this context. Several other deep results on extension of continuous functions exist in the literature and in particular, Dugundji extension theorem for metric spaces and Borges extension theorem for stratifiable spaces.
Another form of the problem of extending continuous functions is the concept of absolute (neighborhood) extensor and absolute (neighborhood) retract. This approach has several applications to different areas of mathematics including applications to topological methods for partial differential equations, ordinary differential equations and differential inclusions. As well known, this concept has been considered by several authors and in particular, by Borsuk, Kuratowski, Fox, Dowker, Dugundji, Hu, Banner, Michael and by many other mathematicians. For further details on infinite-dimensional topology, we refer to [11, 33, 34] . In this context and especially when dealing with the problem of extending set-valued functions (see Curtis-Schori theorem, for example), various concepts of completeness such as Cauchy completeness and McAuley completeness as well as notions of connectedness like arc-wise connectedness, path-wise connectedness, connectedness and local connectedness are often considered in the settings of metrizable and developable spaces. Note that many results in this direction have been obtained recently in the settings of stratifiable spaces and their generalizations by T. Banakh who introduced the notion of a quarter-stratifiable space (see [10] ).
As mentioned in [23] , many theorems concerning developable spaces have analogies in semi-metric spaces. This suggests the question of whether this assertion remains true for weakly semi-metrizable spaces. It turns out that many results related to the problem of extending continuous functions have already been considered on semi-metrizable spaces but not yet on weakly developable spaces.
E. Michael selection theory.
An important point of view of the problem of extending continuous functions is Michael's selection theory. It treats Tietze-Urysohn extension as a special case and gives characterizations for some generalized metrizable spaces such as normal spaces, collectionwise normal spaces, fully normal spaces and paracompact spaces. For a complete presentation of the work of E. Michael, we refer to [31] , and for an overview of recent results on the theory of continuous selections of set-valued mappings, we refer to [30] .
Let f : A ⊂ X −→ Y be a continuous function. One defines a lower semicontinuous set-valued function F on X by
Clearly, any continuous selection of F is a continuous extension of f . In order to generalize a result of E. Michael on double selection, J. Calbrix and the present author introduced the notion of weakly developable spaces. Some results have been first obtained in [14] forCechcomplete weakly k-developable spaces and generalized later in [3] for spaces having a monotonically complete base of countable order (BCO). New results on selection theory of set-valued mappings have been also obtained recently by several authors (see for example, [22, 32, 38] ). As showed in [39] , note that having a BCO in the selection theorem obtained in [38] for set-valued mappings defined on zero-dimensional paracompact spaces with values in spaces having a BCO can not be replaced by being stratifiable.
For convenience, recall that aCech-complete space is a completely regular space which is a G δ -set in some Hausdorff compact space. A metrizable space is completely metrizable if and only if it isCechcomplete. An internal characterization ofCech-complete spaces due to Arhangel'skiȋ [6] and Frolik [19] by means of sequence of open covers is the following: A Hausdorff space X is said to be A.F.-complete if it has an A.F.-complete sequence (G n ) of open covers. That is, for every centered family F of subsets of X, if δ (F ) < G n , for every n, then {F | F ∈ F } = ∅ where δ (F ) < G n means that there exists F ∈ F and G ∈ G n such that F ⊂ G. A completely regular space is A.F.-complete if and only if it isCech-complete.
A base B for a space X is called a base of countable order (BCO) if for every x ∈ X and every strictly decreasing sequence (G n ) n of elements of B containing x, (G n ) n is a base at x. Every weakly developable space has a BCO. A space is metrizable if and only if it is paracompact and has a BCO (see [6] ) and a space is developable if and only if it is submetacompact and has a BCO (see [36] ). Thus, the notions of semi-metrizable space and space having a BCO are different.
Like A.F.-complete spaces, spaces having a monotonically complete BCO is an other generalization of complete metric spaces. A base B is said to be monotonically complete base if for every decreasing sequence (G n ) n of elements of B, we have n B n = ∅ (see [35, 36, 37] ).
Roughly speaking, proofs of the results on existence of selection of set-valued mappings with values on a space Y having a BCO are generally based on a construction of an open continuous mapping g from a suitable metrizable space M onto Y such that g −1 (y) is complete with respect to a fixed distance d on M, for every y ∈ Y . This is possible thanks to monotonic completeness of the base of countable order.
One might then ask what kind of completeness we can define on weakly semi-metrizable spaces to obtain similar results. Thus, it is not clear whether these results on selection of set-valued mappings which are obtained on weakly developable spaces, and then on developable spaces, remain also true on semi-metrizable spaces.
Fixed point theory.
Fixed point theory which is a large and an important field of mathematics has to be considered here too. Although, there are many results on fixed point theory in the settings of metrizable spaces, there is recently a real interest in generalization of these results to semi-metrizable spaces. (See for example, [4] and the references therein). Several adaptations of the notion of a contraction mapping on metric spaces have been already given for semi-metrizable spaces and for other concepts of generalized metrisable spaces. See for example [16] , for multi-metric spaces.
Weakly semi-metrizable spaces provide us with a distance function which can be useful to obtain similar adaptations. It should be interesting to know what kind of fixed point theorems one can obtain on weakly developable spaces and more generally, on weakly semimetrizable spaces.
